INTRODUCTION
The linear membrane shell model is established through an asymptotic analysis, as the thickness goes to 0, of the solution of the équations of three-dimensional elasticity. The method, introduced by Ciarlet & Destuynder [1979] for plates, is as follows : Passage to a fixed domain, scalings of the components of the displacement, assumptions on the data (see Ciarlet [1996] ). However, for shells, it is not possible to find simulîaneously the membrane model and the bending model. These two problems, posed on the middle surface S = <p(ô>), are obtained separately, according as to whether or not a certain space of inextensional displacements V 0 (oe) reduces to {0} (see Destuynder [1980 Destuynder [ , 1985 , Sanchez- Palencia [1990] , Miara & SanchezPalencia [1996] , Ciarlet & Lods [1994a] and Ciarlet, Lods & Miara [1994] ). In other words, it is the kinematic conditions and the geometry of the shell that in duce the limit behavior of the three-dimensional unknown. In particular, if 468 K. GENEVEY the shell is uniformly elliptic and clamped along its en tire boundary, then V 0 (co) = {O} (and an appropriate équivalence of norms holds ; cf. Ciarlet & Lods [1994a] ), and the covariant components C, of the limit displacement solve a two-dimensional membrane shell problem.
By contrast, W. T. Koiter's model (see Koiter [1970] ), commonly used in engineering, is not a limit model when the thickness e of the shell goes to 0. It posseses this distinctive characteristic that the left-hand side of the variational équation is precisely the sum of the left-hand sides of the membrane and bending problems. For a mathematical justification of Koiter's model, see Ciarlet & Lods [1994b] where it is proved that in a certain sensé, its solution approaches the solution of the three-dimensional model as e goes to 0.
Existence and uniqueness for W. T. Koiter's model were established by Bernadou & Ciarlet [1976] . Then another proof was given in Ciarlet & Miara [1992] ; see also Bernadou, Ciarlet & Miara [1994] . The ellipticity of the bilinear form of the bending problem is then a simple corollary of this result, while the situation is more delicate for the membrane problem. Indeed, while the variational formulation of Koiter's model is set over the space H l 0 (co) x H\{OJ) X//Q(CO) and the variational formulation of the bending shell model is set over a closed subspace of
, in the membrane-dominated case the third unknown £ 3 is sought in the space L 2 {co), which makes difficult the proof of ellipticity of the bilinear form. Ciarlet & Sanchez-Palencia [1996] have established this result under assumptions of regularity on <p and on the boundary y of a>, provided that the shell is clamped and uniformly elliptic. The proof makes use of a reduced problem posed in terms of the tangential components of the displacement, and which is proven to have a unique solution. Another proof was given by Ciarlet & Lods [1996] , which is more similar, as regards to its principle, to other proof s of existence in linearized elasticity.
The present article is organized as follows : After recalling the variational formulations of the linear membrane shell problem and of the reduced problem, we show that the latter is uniformly and strongly elliptic in the sense of Agmon, Douglis and Nirenberg [1964] (Theorem 2). Then, a regularity result for the solution of the membrane problem (Theorem 3) is obtained as a conséquence of theorems of Necas [1967] and Geymonat [1965] . The set 4>(ô> x [-£, fi] ) is the référence configuration of an elastic shell, with middle surface S and thickness 2 £ > 0. We assume that the elastic material constituting the shell is homogeneous and isotropic, and that the référence configuration is a natural state ; the shell is then completely characterized by its two Lamé constants X and JJL, with X > 0 and /i > 0. We consider a linearly elastic shell with middle surface S and thickness 2 £, clamped along lts entire boundary.
The covariant components £,-: ö> -» R. of the displacement £. a 1 of the points of S are the unknowns of the two-dimensional membrane problem, which can be written in the following variational form :
ÇeV and 5( Ç, i] ) = L( q ) for all n e V , (1.9) where the space V is defined as :
the symmetrie billinear form B is defined by :
,ti) = f ea The linear form L : V -> R can be written as :
for all n e V , (1.14)
where we shall assume that p l e L 2 (oe).
The fourth-order tensor (a aPpa ) defined in (1.12) satisfies the following property (cf. Bernadou, Ciarlet & Miara [1994] for ail y e CÔ, and for all symmetrie tensor (t a n).
In this paper, we shall be concerned with uniformly elliptic shells, Le., those whose middle surface S is uniformly elliptic according to the following définition : There exists a constant b such that b>0 and b afi Ç a^* b\$\\ forallÇ=(r)e R 2 .
(1.16) This means that there exists a constant p > 0 such that the two principal radii of curvature R } (y) and R 2 (y) are of the same sign for ail y e eb and that they satisfy
for ail jeô). We recall here that it is possible to solve a reduced problem, posed in terms of the unknowns Ci and Ç 2 . Let Ç = ( £ a ) ; then we have the following resuit, proved in Ciarlet & Sanchez-Palencia [1996] 
9).
If we assume that y is of class # and that <() is analytic in an open set containing eb, the reduced problem (1.19) has a unique solution, and consequently the variational problem (1.9) also has one and only one solution (see Ciarlet & Sanchez-Palencia [1996, Theorem6.2] and Ciarlet & Lods [1996, Theorem 5] We deduce that the vanational problem (2 1) is formally equivalent to the following boundary-value problem :
3) C a = 0 ony, a = 1, 2 .
The purpose of Section 2 is to prove the following resuit :
THEOREM 2 : The second-order System (2.4) of partial differential équations and boundary condition with respect to the unknowns Ç l ond £ 2 > is & « uniformly », and « strongly elliptic » System that satisfies the « supplementary condition on L » and the « complementing boundary condition », in the sensé of Agmon, Douglis & Nirenberg [1964] Proof * The proof is divided in five steps. As we will often use notations introduced by Agmon, Douglis & Nirenberg [1964] , any référence to a page, or équation, number of this paper will be simply ïdentified by the sign #.
(i) Let dénote the left member of équation (2 2). We can wnte :
vol 30, n° 4, 1996 so that :
and :
Thus which can be written as : We deduce that for every ^=(<J,,{ 2 )e R 2 , and for every y G co, the matrix {l a p(y> %}) of page 38 # is given by :
. In order to prove the uniform ellipticity of the system (2.4), we must verify that there exists a constant A such that :
for all y e cö and for all Ç = ( f v Ç 2 ), the integer m of (1.6) # being here equal to xdegL(^,^) = 2. We first verify that the system (2.4) is elliptic in the sense of (1.5) # , i.e. that : In order to prove the stronger property of uniform ellipticity, we only have to verify that property (2.7) is true for ail Ç e R 2 such that |Ç| = 1, since for ail y G oe, the polynomial £ = (£ p £ 2 ) e R 2 •-» L{y, Ç) is homogeneous of degree 4. It is therefore sufficient to prove that there exists a constant A such that
A>0
and A~ 1 ^ |L(v, £)] ^ A for ail y e ö;, for all Ç e R 2 such that | Ç | = 1. This follows from the continuity of the functions y e ô> >-> a a^y ) and }G öj^ ^aöC)')» fr°m the compactness of the set ô> x {£, G R 2 ; |^| = 1} and from property (2.8). Hence, property (2.7) is established, and the System (2.4) is uniformly elliptic in the sense of Agmon, Douglis & Nirenberg [1964] , as stated.
(iii) Strong ellipticity of the System (2.4). We then show that the System (2.4) is strongly elliptic in the sense of (2. Then :
Consequently,
The matrix £"(y) is positive defimte for, according to (2.9), for any vector % e R 2 Then {^(j) £. t]} defines an inner product and in particular, Ç and TJ bemg two linearly independent vectors :
This shows that the polynomial T <-^ L(v, C + rr|) has no real root, and thus the supplementary condition on L is established.
(v) « Complementing boundary condition » : It remains to venfy that the « complementing boundary condition » of page 42 # is satisfied (see also Lions & Magenes [1968, p. 240] ) for the problem (2.4). This property can be proved in detail, but in f act it follows from the strong ellipticity of the System, because in this case Dirichlet conditions are always complementing {cf. Agmon, Douglis & Nirenberg [1964, p. 44] 
Proof:
The proof is similar to the one in Ciarlet [1988, Sect. 6.3] for the pure displacement problem in linearized three-dimensional elasticity. The proof is divided in four steps :
(i) We recall that the reduced problem can be written as a System of partial différent!al équations :
The first équations can be written :
T vol. 30, n° 4, 1996 We note that, if q> e <ï? In particular, if (3 1) or (3 2) is satisfied, the solution Ç = (C a ) of the reduced problem also vérifies 1 C a =0 ony
The previous sections show that this system is umformly and strongly elliptic, satisfies the supplementary condition on L and the complementing boundary condition, in the sense of Agmon, Doughs & Nirenberg [1964] (n) The system (3 3) is strongly elliptic and, as in Ciarlet & SanchezPalencia [1996] , we also have the Y-ellipticity under the assumption (3 1) Hence we can apply Lemma 3 2 of Necas [1967, p 260] We show that we can apply theorem 3.5 of Geymonat [1965] . Since this theorem refers to certain notations introduced by Agmon, Douglis & Nirenberg [1964] , we first recall that the integers s a and t p of page 39 # are chosen as Assumption 1 thus requires that y be of class ^3, which is the case hère. We already know from step (11) that md se \ 0 ) = 0 when q -2, for se '(0) is a bijection m this case. Besides \ q ^H^ (O>) when q 5= 2, and consequently, the mappmg se
( a> ) is mjective for these values of q , but smce md si '( 0 ) = 0, then J/ '( 0 ) is also surjective when q S= 2 Concerning the unknown £ 3 , we conclude as in step (n) Hence we have proved the regulanty resuit for m = 0 and q ^ 2.
(îv) In order to establish the regulanty resuit for m 5= 1, we apply theorem 10.5 of Agmon, Douglis & Nirenberg [1964 vol 30, n° 4, 1996 This variational problem can be written as a boundary-value problem :
f^(Ç) =p in G>, \ C = 0 ony, where the nonlinear operator si = ( sé { ) is given by :
One can easily verify that the linear part of sé{ Ç ) coincides with the operator associated with the linear membrane shell problem. However, contrary to the three-dimensional case (see Ciarlet [1988, Sect. 6 .4]), it is not possible to obtain an existence theorem for this nonlinear membrane model by using the regularity of Theorem 3 and applying the implicit function theorem. Indeed, sé is infinitely differential between X,={Ç= (C,) 
